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Mathematical Background in
Reservoir Simulation




Basic Flow Equation

Notation and Basic Operation

Vector Notation

AVector is a number, which includes several
values

Most commonly in 3 dimensional space:

u;
vectoru= u=u=\|u,
Uz

Del Notation,V or gradient of a scalar. "op ]
: : 1)

A scalar could have a gradient which formsa p
vector. >

| oz




Algebraic Operation

The common algebraic operation is inner
product.
Notation:u.v=(y,v)
(UV)=UV, + UV, + ..UV,
The product of inner product is a scalar.
Del operator is to specify the divergence of a
vector.
alh a1.1:2 aua
dx * dy * dz

The divergence of a vector is a scalar.

divergence of u = V-u =




Chain Rules

Ifw="f(u, u,, U, ...u,) and u =1(x; X,, X;,...X;)
ow _ ow dy; ow 9du; iv_aum

Ox  Owdx  dwmdx | Oumdx

If p=1(p, T) and p = f(x,y,z,t) then,

ox dpox T ox
If p=1f(p) and p =f(x,y,z,t), then

% _ dodp
ox  dp Ox



L(c,u,) =c,L(u,)
L(u, +u,)=L(u,) + L(u,)

L(c,u, +c,u,)=c.L(u,) +c,L(u,)



Diffusivity Equation

Darcy’s Law: H

p = fir)
ldav _ 1dp

Equation of State : c= - =
. " . V dp p dp
For isothermal condition(fluia) :

Forrock: ., = 14¢

¢ dp



The derivation......

Darcy’s Law into Continuity equation:

oo kg, | - _ 990
Vp( Vp]_ ot

u
Using Linearity operation: Constant (k/u)

VepVp = %a(ip)
Using the del operator, the differentiation of
. v = HO(0) : o) — HO(90)
pVeVp + (Vp)e(Vp) = P pPV:p + (Vp)e(Vp) = PR

The density gradient:

Vp = QVP = cpVp
dp



Final Form

u 1(. 9p aqb]
Vip= = =|¢— + p-
P k p Ubaz ¥ par
k p\ dp ot dp dt .
J ) ; Laplacian of p
- B o9r o
= kp{cb(cp)at + p(chb)at}
= E’kE[C + cf]g—f ‘W”'C! ap

kK ot



Tugas Baca (review paper)
Diffusivity Equation for real liquids with gas in

solution (SPE 23740)
A variable rate solution to the nonlinear diffusivity

Gas Equation (SPE 145468)



Question:

s the final equation a linear P.D.E?
If we assume as linear, the we can find
analytical solutions

: az_P _ ¢Hc, ap
1D Linear: 0 .k or
| ’p , Fp _ Pcp
2D Cartesian: Y + 3y k of
ii(,,a_P] _ he Op
Radial geometry: r dr\ or k ot
BZP 1 _{_E?E_ — ‘;by'Cr dp

d r or k ot



Real Gas Diffusivity Equation

Continuity equatiop: Vepi = - §(¢p)
I/ . U = -—V t
Darcy’s Law: # P 4
. ] _ ﬂ
Gas density: r= -
.pM & _ d( pM ° N — __a__( P
Gl sl v - el

The equation is not linear: z, u depend on p.

2 2p” tp
= d p— 2 d
m(p) I (o uip) ¥ np) izu P



Mathematical Trick:

The derivative of m with respect to any variable
dm _ 2pdp 2p

— = ——and Vm=——-VY
dE ~ zpud& w ’
Ve——Vp=—r— — VeVim=——| oLt
w kat[¢z) " kaf(¢z
M { ;
Vzmzz qjﬁ_ P +£@ .aﬁ
k| dp\z) zdp|or
_2z,d(p), pdé|2pdp
k2p| dp\z) zdp|zu ot
_Eﬂ&{i_@_(_f_’_}riéﬂ am
k 2|pdp\z) ¢dp|ot ¢ua
2 c: om
29, yim Vim =2
k 2 ot k ot



Darcy Law

Henry Darcy in 1856

Every flow equation has a Darcy eq..
Observation: fluid flow rate is proportion to
pressure gradient and not to fluid viscosity.



Classification of 2"d Order PDE

auxx + bu + Cu —_— Hx, ’u’ ,
General Form: o w = Hxyuuu,)

Descriminant: b2 — 4ac

Descriminant Type Example/Form
<0 Elliptic Uxx + Uyy = 0
Laplace's Equation
Ugx + Uyy =C
(Poisson's Equation/ PSS)
=0 Parabolic Uxx = Ut

(Fourie's Equation/ Transient)

>0 Hyperbolic Uxx = Uyy = )




More about Flow Equation

General diffusivity equation:

i i In- o =£—'L
For Liquid: v LB, ?p_ B,
.. 1 ale
vl _._..‘..g.....vp —_—— |
For Gas : HeBe % Be!
V.p=@Vp
oy

vvp=vip=P, P 0P (Linear Flow)
| ox oy oy

10( 0 10°p o
VVp=V?p = (r 8Fr)j+ " 66?8 + azzp (Radial Flow)
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New Normalization variable:

Pbase
_@EV Pp =[.UB] k
Vpp-ép p dp k 1n uB
. . Pp _%Pp P
Applying chainrule/s =3, &
i[_@': 9[¢'3p a[¢}=¢[_1__a¢ _133]317
Bl op Bl o % Bl Bloap B aplo
9[‘35]___990:919
LBl B of



Homework:

Proof:




